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After studying this unit, the students will be able to: 

* Know that a rational expression behaves like a rational number. 

* Define a rational expression as the quotient of two 

q(x) 

polynomials p(x) and q(x) where q{x) is not the zero polynomial. 

* Examine whether a given algebraic expression is a 

• polynomial or not, 

• rational expression or not. 


* Define as a rational expression in its lowest terms ifp(x) and 

q(x) 

q{x) are polynomials with integral coefficients and having no 
common factor. 

* Examine whether a given rational algebraic expression is in lowest 
from or not. 

* Reduce a given rational expression to its lowest terms. 

* Find the sum, difference and product of rational expressions. 

* Divide a rational expression with another and express the result in 
it lowest terms. 

* Find value of algebraic expression for some particular real number. 
Know the formulas 

(a + b) 2 + (o - bf = 2 {a 2 + b 2 ), 

(a + b) 2 - (a - 1 b) 2 = Aob 

* Find the value of a 2 + b 2 and of ab when the values of a + b and 
a - b are known. 

* Know the formulas 

(a + b + c) 2 = a 2 + b 2 + c 2 + 2 ab + 2 be + 2 ca. 

* find the value of a 2 + b 2 + c 2 when the values of a + b + c and 
ab + bc + ca are given. 

* find the value of a + b + c when the values of a 2 + b 2 + c 2 and 
ab + bc + ca are given. 

* find the value of ab + bc + ca when the values of a 2 + b 2 + c 2 and 
a + b + c are given. 
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* know the formulas 
(a + b) 3 = a 3 + 3 ab{a + b) + b 3 , 

(a - b) 3 = a 3 - 3 ab{a - b) - b 3 , 

* find the value of a 3 ± b 3 when the values of a ± b and ab are given 

* find the value of x 3 ± when the value of x ± is given. 

* know the formulas 

a 3 ± b 3 = (o ± b){a 2 ±ab + b 2 ). 


• find the product of x + - and x 2 +\-l. 

X X 

• find the product of x-— and x 2 +-^ + 1. 

X X 

• find the continued product of 

(x + y) {x-y) (x 2 + xy + y 2 ) (x 2 -xy + y 2 ). 

* recognize the surds and their application. 

* explain the surds of second order. Use basic operations on surds 
of second order to rationalize the denominators and evaluate it. 

* explain rationalization (with precise meaning) of real numbers of 


the types 


a 


+ b\[x ^[x+Jy 


and their combinations where x andy 


are natural numbers and a and b integers. 


4.1 Algebraic Expressions 

Algebra is a generalization of arithmetic. Recall that when 
operations of addition and subtraction are applied to algebraic terms, 


we obtain an algebraic expression. For instance, 5x 2 - 3x + —j= and 


3xy + — (x * 0) are algebraic expressions. 

X 

Polynomials 

A polynomial in the variable x is an algebraic expression of the 
form P(x) = o n x n + a nA x nA + o n _ 2 x n ' 2 + ...+ aye + o 0 , o n * 0 .(i) 


3 
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degree of the polynomial and each coefficient a n , is a real number. The 
coefficient o n of the highest power of x is called the leading coefficient 
of the polynomial. 2x 4 / 3 + x 2 y 2 + 8x is a polynomial in two variables x 
andy and has degree 7. 

From the study of similar properties of integers and polynomials 
w.r.t. addition and multiplication, we may say that polynomials behave 
like integers. 

Self Testing 

Justify the following as polynomial or not a polynomial. 


(i) 

3x 2 + 8x + 5 

(ii) 

x^ + ^/2x + 5x — 3 

(iii) 

X + yfx — 4 

(iv) 

3x + 2x + 8 
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4.1.1 Rational Expressions Behave like Rational Numbers 

Let a and b be two integers, then — is not necessarily an integer. 

b 

Therefore, number system is extended and — is defined as a rational 
number where a, b e Z and b * 0. 

Similarly, if p(x) and q(x) are two polynomials, the is not 

q(x) 

necessarily a polynomial, where q{x) * 0. Therefore, similar to the idea 
of rational numbers, concept of rational expressions is developed. 

4.1.2 Rational Expression 

The quotient of two polynomials, p(x) and q{x), where q{x) 

q(x) 

is a non-zero polynomial, is called a rational expression. 

2.x+ 1 

For example,-, 3x + 8 * 0 is a rational expression. 

3x + 8 



In the rational expression p(x) is called the numerator and q(x) 

q(x) 

is known as the denominator of the rational expression The 

q(x) 

rational expression need not be a polynomial. 

Note: _ q ^_ _ 

Every polynomial p(x) can be regarded as a rational expression, 

since we can write p(x) as -^j^.Thus, every polynomial is a rational 
expression, but every rational expression need not be a polynomial. 


Self Testing 

Identify the following as a rational expression or not a rational 
expression. 


(i) 


2x + 6 
3x-4 


(ii) 


3x + 8 
x + x + 2 


(iii) 


x 2 + 4x + 5 
x + 3\[x + 4 


(iv) 


Vx 

3x 2 +1 


4.1.3 Properties of Rational Expressions 


The method for operations with rational expressions is similar 
to operations with rational numbers. 

Let p(x), q(x), r(x), s(x) be any polynomials such that all values of 
the variable that make a rational expression undefined are excluded 
from the domain. Then following properties of rational expressions 
hold underthe supposition that they all are defined (i.e., denominator 
(s) * 0). 


(i) 

(ii) 


p00__[00_ jf anc j only if p(x) s(x) = q(x) r(x) 

q(x) s(x) 

P(x)k = p(x) 
q{x)k q{x) 


p(x) | r(x) 
q(x) r(x) 


p(x) s(x) + q(x) r(x) 


q(x) s(x) 



(Equality) 

(Cancellation) 


(iii) 


(Addition) 
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(iv) 


(v) 


(vi) 


p(x ) r(x) p(x ) .s(x) - q(x ) r(x) 

g(x) s(x) g(x) s(x) 

r(x) ^ pfx) r(x) 

^r(x) ^(x) g(x) s(x) 

p(x) r(x) _ /?(x) ^(x) _ p(x) s(x) 

q(x) s(x) q(x) r(x) q(x) r(x) 


(Subtraction) 


(Multiplication) 


(Division) 


(vii) Additive inverse of is -- 

q(x) q(x) 

(viii) Multiplicative inverse or reciprocal of ^ is ^^-,p(x)* 0, 

, wn <?(•*) /?(*) 
g(x) ^ 0. 

4.1.4 Rational Expression in its Lowest form 

The rational expression is said to be in its lowest form, if 

q(x) 

p(x) and q(x) are polynomials with integral coefficients and have no 
common factor. 

For example, x 2 + - is in its lowest form, 
x + 1 

4.1.5 To examine whether a rational expression is in lowest 
form or not 

To examine the rational expression find H.C.F of p(x) and 

q{x) 

q{x). If H.C.F is 1, then the rational expression is in lowest form. 

y _ I 

For example, ^-is in its lowest form as H.C.F. of x- 1 and 

x 2 + 1 is 1. 


X 2 + 1 


4.1.6 Working Rule to reduce a rational expression to its 
lowest terms 


Let the given rational expression be 


p(x) 

q(x) 


6 



Step I Factorize each of the two polynomials p(x) and q(x). 

Step II Find H.C. F. of p(x) and q{x). 

Step III Divide the numerator p(x) and the denominator q{x) by the 
H.C. F. ofp(x) and q{x). The rational expression so obtained, 
is in its lowest terms. 

In other words, an algebraic fraction can be reduced to its lowest 
form by first factorizing both the polynomials in the numerator and 
the denominator and then cancelling the common factors between 
them. 

Example 

Reduce the following algebraic fractions to their lowest form. 

lx + mx — ly — my 3x 2 + 18x + 27 

!r - 3y 2 


(i) 


(ii) 


5x 2 - 45 


Solution 


(i) 


lx + mx — ly — my _ x(J + m) — y(l + m) 


3x 2 — 3y 

(/ + m) (x — y) 
- 3(x + y) (x- y) 

l + m 


3U 2 -v 2 ) 


(ii) 


3(x + y) 

which is in the lowest form 

3X 2 + 18x - 27 _ 3 (x 2 + 6x + 9) 
5x 2 -45 ~~ Six 2 -9) 

3(r + 3) (x + 3) 

5(x- 3) (x- 3) 

3(x+ 3) 

_ 5(x - 3) 

which is in the lowest form. 


(factorizing) 

(cancelling common factors) 

(monomial factors) 
(factorizing) 

(cancelling common factors) 


4.1.7 Sum, Difference and Product of Rational Expressions 

For finding sum and difference of algebraic expressions 

z 
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containing rational expressions, we take the L.C.M. of the 
denominators and simplify as explained in the following examples 
by using properties stated in 4.1.3. 


Example 1 

Simplify (i) 

Solution 


-+■ 


2x 


x-y x+y x 2 - y 2 


(ii) 


2x 2 


- + ■ 


(i) 


l 


1 2x 
- + ■ 


1 


1 


■ + • 


x -16 x 2 -4 x + 2 


2x 


x-y x+y x 2 - y 2 x-y x+y (x + y)(x-y) 
x + y - (x - y) + 2x 


(x+y)(x-y) 
x+ y - x+ y + 2x 
(x+y)(x-y) 

2x + 2y 
(x+y)(x-y) 
2(x+y) 2 


(L.C.M. of denominators) 


(x+y)(x-y) x-y 


(simplifying) 

(cancelling common factors) 


(ii) 


2x 2 


x 1 

■ + ■ 


x 4 -16 x 2 -4 x + 2 

2x 2 


x 


1 


(x 2 + 4)(x 2 - 4) x 2 - 4 + x + 2 
2x 2 x 


(difference of two squares) 
1 


■ + ■ 


(x +4)(x + 2)(x-2) (x + 2)(x-2) x + 2 

2x 2 — x(x 2 + 4) + (x 2 + 4)(x — 2) 2x 2 — x 2 — 4x + x 2 + 4x — 2x 2 — 8 


(x 2 +4)(x + 2)(x-2) 
-8 


(x + 4)(x + 2)(x - 2) 


(x 2 + 4)(x + 2)(x - 2) 

(on simplification) 


Example 2 

— x + 2 — 9y- 

Find the product ^ ■ ^._V r (in simplified form) 


8 
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Solution 

x + 2 4X 2 - 9y 2 _ (x + 2) [(2x) 2 - (Sy) 2 ] 

2x - 3y xy + 2 y (2x - 3 y) (x + 2)y 

_ (x + 2) (2x + 3y) (2x - 3y) 

><x- 2) (2x - 3y) 

_ 2x + 3} 1 

y 



(monomial factors) 
(factorizing) 

(reduced to the lowest forms) 


4.1.8 Dividing a Rational Expression with another Rational 
Expression 

In order to divide one rational expression with another, we first 
invert for changing division to multiplication and simplify the resulting 
product to the lowest terms. 

Example 

, 7xv 14y 

Sim P |if y 


Solution 

2xy 14 y 
x 2 - 4x + 4 xf~ — 4 

Ixy x 1 - 4 
x 2 -4x-4 14 y 


...(changingdivision into multiplication) 


7x> f (x + 2) (x - 2) 
(x — 2) (x — 2) 1 4y 


...(factorizing) 


x(x + 2) 
2(x - 2) 


...(reduced to lowest forms) 


4.1.9 Evaluation of Algebraic Expression for some particular 
Real Number Definition 


If specific numbers are substituted for the variables in an 
algebraic expression, the resulting number is called the value of the 
expression. 
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Evaluate — — — if x = - 4 andy = 9 

5 (x + y) 

Solution 

We have, by puttingx = - 4 and y = 9, 

_ 3x 2 Jy_ + 6 _ 3(-4) 2 V9 + 6 _ 3(16)(3) + 6 _ 150 
5(x+y) " 5(-4 + 9) " 5(5) “ 25 ' 

EXERCISE 4.1 


1. Identify whether the following algebraic expressions are 
polynomials (Yes or No). 

(i) 3x 2 h- 5 (ii) 3x 3 - 4x 2 - xVx + 3 

(iii) x 2 -3x + (iv) — +8 

2x-l 

2. State whether each of the following expressions is a rational 
expression or not. 

... 3yfx .... X 3 -2x 2 +yj3 

(l) —3=- (II) - T- 

3s[x + 5 2 + 3x — x 


(iii) 


x 2 + 6x + 9 
x 2 -9 


(iv) 


2 yfx + 3 
2y[x-3 


3. Reduce the following rational expressions to the lowest form. 


(i) 

120xVz 5 

(ii) 

8a(x + l) 

30xV 

2(x 2 -1) 

(iii) 

(x + y ) 2 - 4xy 
(■ x-y ) 2 

(iv) 

(x 3 - } ?3 )(x 2 - 2xy + y 2 ) 
(x-y)(x 2 +xy + y 2 ) 

(v) 

(x + 2)(x 2 -1) 

(vi) 

x 2 - 4x + 4 

(x + l)(x 2 - 4) 

2x 2 -8 


© 
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(vii) 


64x 5 - 64x 
(8x 2 +8)(2x + 2) 


(viii) 


9x 2 - (x 2 - 4) 2 
4 + 3x - x 2 


4. Evaluate (a) 


- 2,z 


for 


xz 


5. 


(i) x- 3,y = -1, z = -2 
(b) forx: = 4,y =-2, z =-1 

Perform the indicated operation and simplify. 


(i) 


(ii) x = -1,y = -9, z = 4 


15 

4 

(ii) 

1 + 2x 

1- 2x 

2x-3 y 

3 y - 2x 

l-2x 

1 + 2x 

x 2 -25 

x + 5 

(iv) 

X 

y 

x 2 -36 

x + 6 

x-y 

x+y 

x- 2 

x + 2 

(vi) 

l 

1 

x 2 + 6x + 9 2x 2 — 18 

x — 1 

X + 1 


(iii) 

(v) 

Perform the indicated operation and simplify. 

5x + 2 4x-12 18-2x 2 


2 xy 


2 2 
x -y 

2 4 


(i) 

(iii) 

(v) 


(x -49).- 


6 6 
x -y 


x + 7 


2 2 ^(x 4 + xV + /) 

x -y 


x 2 — 1 x + 5 


(ii) 

(iv) 


x — 9 x + 6x + 9 
(x 3 - y 3 )(x 2 - 2xy + y 2 ) 
(x — }9(x 2 + x^ + y 2 ) 


x + 2x + 1 1 — x 


4.2 Algebraic Formulae 

4.2.1 Using the formulas 

(i) (o + b) 2 + (a- b) 2 = 2 (a 2 + b 2 ) and (o + b) 2 -(a- b) 2 = 4a b 

The process of finding the values of a 2 + b 2 and abis explained in 
the following examples. 


(7) 2 - (3) 2 = 4ab ....(substituting given values) 

49-9 =4 ab © 


Version: 1.1 





















































4. Algebraic Expressions and Algebraic Formulas eLearn.Punjab 



If a + b = 7and a - b = 3, then find the value of (a) a 2 + b 2 (b) ob 


Solution 

We are given that a + b = 1 and a-b = 3 

(a) To find the value of ( a 2 + b 2 ), we use the formula 

(o + bf + [a - 1 b) 2 = 2(o 2 + b 2 ) 

Substituting the values a + b = 7 and a - b = 3, we get 
(7) 2 + (3) 2 = 2 (a 2 + b 2 ) 

=> 49 + 9 = 2(o 2 + b 2 ) 

=> 58 =2(a 2 + b 2 ) ....(simplifying) 

=> 29 = a 2 + b 2 ....(dividing by 2) 

(b) To find the value of ab, we make use of the formula 

(a + b) 2 - (a - b) 2 = 4ab 
C7) 2 - (3)2 = 4 ab 
=> 49 - 9 = 4 ob 

=> 40 =4o£> ....(simplifying) 

=^> 10 = ab ....(dividing by 4) 

Hence a 2 + b 2 = 29 and ab = 10. 


(ii) (a + b + c) 2 = a 2 + b 2 + c 2 + 2 ab + 2 be + 2 ca 

This formula, square of a trinomial, involves three expressions, 
namely; (o + b + c), {a 2 + b 2 + c 2 ) and 2 {ab + be + ca). If the values 
of two of them are known, the value of the third expression can be 
calculated. The method is explained in the following examples. 

Example 1 

If a 2 + b 2 + c 2 = 43 and ab + be + ca = 3, then find the value of 
a + b + c. 

Solution 

We know that 

(a + b + c) 2 = a 2 + b 2 + c 2 + lab + 2bc + lea 
=> (a + b + c) 2 = a 2 + b 2 + c 2 + 2 {ab + be + ca) 
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=> (a + b + c) 2 = 43 + 2x3 (Putting a 2 + b 2 + c 2 = 43 and 

ab + be + ca = 3) 

=> {a + b + c) 2 = 49 
=> a + b + c - ±-J~49 

Hence a + b + c = ±7 

Example 2 

lfo + b + c = 6 and a 2 + b 2 + c 2 = 24, then find the value of 
ab + bc+ ca. 

Solution 

We have 

(a + b + c) 2 = a 2 + b 2 + c 2 + lab + 2 be + 2 ca 
(6)2 = 24 + 2 (ab + be + ca) 

=> 36 = 24 + 2 {ab + be + ca) 

=> 12 = 2 {ab + be + ca) 

Hence ab + be + ca = 6 

Example 3 

lfo + b + c = 7 and ab + be + ca = 9, then find the value of 
a 2 + b 2 + c 2 . 

Solution 

We know that 

{a + b + c) 2 = a 2 + b 2 + c 2 + lab + 2 be + 2 ca 
=> {a + b + c) 2 = a 2 + b 2 + c 2 + 2 (ab + be + ca) 

=> (7)2 = a 2 + b 2 + c 2 + 2(9) 

=> 49 = a 2 + b2 + c 2 + 18 

=> 31 = a 2 + b 2 + c 2 

Hence a 2 + b 2 + c 2 = 31 

(iii) (a + b ) 3 = a 3 + 3 ab(a + b) + b 3 
(a - b) 3 = a 3 - 3 ab(a - b) - b 3 

Example 1 

If 2x-3y = 10 andxy = 2, then find the value of 8x 3 -27y 3 
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Solution 

We are given that 2x - 3y = 10 
=> (2x-3y) 3 = (10) 3 

=> 8x 3 - 27y 3 - 3 x 2x x 3y(2x - 3y) = 1000 
=> 8x 3 - 21y 3 -1 8xy(2x - 3y) = 1000 

=> 8x 3 - 27y 3 - 18 x 2 x 10 = 1000 

=> 8x 3 - 27y 3 -360 = 1000 

Hence 8x 3 - 27y 3 = 1360 

Example 2 

If x + - = 8, then find the value of x 3 + + 


X 


Solution 


1 


We have been given x + — = 8 


X 


=> 

i x+1 xj 

= (8) 3 

=> 

3 i , if r 

x +—t + 3xxx-x+- 
x 3 xV. X, 

1 =512 

=> 

x 3 + p + 3x[x + i] 

= 512 

=> 

x 3 H—7+3 x 8 

= 512 

=> 

x 3 - A - 24 

X 

= 512 

Hence 

x 3 + A 

x 3 

= 488 
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Example 3 


If x —— = 4, then find 

x 
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We have 


=> 

(-4 

= 64 

=> 


= 64 

=> 

^-1-3(4) 

X 

= 64 

=> 

3 1 19 

x — "j— 12 

X 

= 64 

=> 

* --T 

X 

= 64+12 

=> 

3 1 

* -77 

= 76 


X 


(iv) a 3 ±b 3 = (a ± b) (a 2 + ob + b 2 ) 

The procedure for finding the products of 
is also explained in following examples. 

Example 1 

Factorize 64x 3 + 343y 3 


.n 

x± — 
xj 


and x 2 +\ + l 


X 


Solution 

We have 

64x 3 + 343y 3 = (4x) 3 + (7y) 3 

= (4x + 7y) [(4x) 2 - (4x) (7y) + (7y) 2 ] 
= (4x + 7y) (16x 2 - 28xy + 49y 2 ) 


Example 2 

Factorize 125x 3 - 1331y 3 
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Solution 

We have 

125x 3 - 1331y 3 = (5x) 3 - (11y) 3 

= (5x -11 y) [(5x) 2 + (Sx) (11 y) + (11y) 2 ] 
= (5x -11y) (2Sx 2 + SSxy + 121y 2 ) 

Example 3 


Find the product 


2 3 Y4 2 1 9 

— X H-—X —1 H-— 

3 2x y v 9 4x 2 


Solution 




2 3 Y4 2 . 9 7 


—x + - 


V- 


2x 


yv 


—x -1 + 
9 


4x 2 


22 3 7 

—x + 

3 


2 x 


A 2 


2 V ( 3 7 


-x 
v-3 y 

3 


2 2 V 3 ^ 

-x — 
v 3 )\2xj 


+ 


fY 

2xy 


—x 

v3 y 


+ 


V2xy 

27 


8 3 

= —xN 
27 8 x 3 


Example 4 

Find the product 

Solution 


^4 5 Y16 

—x - 
5 4x 


yv 


25 


2 25 1 

x 2 +-- +1 

16x 2 


J 


( 


4 5 ' 

5 X ~4xJ\ 25 


16 2 25 7 

X + _ 2 + l 




16x 

I 6 x 2 

“25“ 


i 25 
' + 16/ 


(; 

/ 4 5 \r/4 V (4 V 5 > / 5 

_ U*“4xJ[U* J + Ux 


(rearranging) 


64 3 125 

x —-- 


© 
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Example 5 

Find the continued product of (x+y) (x-y) (x 2 + xy + y 2 ) (x 2 -xy+y 2 ) 


Solution 

(x+y) (x-y) (x 2 + xy+y 2 ) (x 2 -xy +y 2 ) 

= (x+y) (x 2 -xy+y 2 ) (x-y) (x 2 + xy+y 2 ) 

= (x 3 +y 3 ) (x 3 -y 3 ) = (x 3 ) 2 — (y 3 ) 2 = x 6 -]/ 6 

EXERCISE 4.2 


(rearranging) 


1. (i) If a + b = 10 and a - b = 6, then find the value of ( a 2 + b 2 ) 

(ii) If a + b = 5, a-b = yj\l , then find the value of ab. 

2. If a 2 + b 2 + c 2 = 45 and a + b + c = -1, then find the value of 
ab + be + ca. 

3. \f m + n + p = '\0 and mn + np + mp = 27, then find the value of 
m 2 + n 2 + p 2 . 

4. If x 2 +y 2 + z 2 - 78 and xy + yz + zx- 59, then find the value of 
x + y + z. 

5. If x +y + z = 12 and x 2 +y 2 + z 2 = 64, then find the value of xy +yz + zx. 

6. If x +y = 7 and xy = 12, then find the value of x 3 +y 3 . 

7. If 3x + 4y = 11 and xy = 12, then find the value of 27x 3 + 64y 3 . 

8. If x-y = 4 and xy - 21, then find the value ofx 3 -y 3 . 

9. If 5x - 6y = 13 and xy = 6, then find the value of 125x 3 - 216y 3 . 

10. if x + -j; = 3, then find the value of x’ + A 

A x 

I 3 I 

11. If x--- 7, then find the value of 

X X 


12. 

13. 

14. 


If 


If 


+ 3x)“ 5f 


then find the value of I 27x 3 +— 7-3 | 

' v 21 x J 


( 3 1 

then find the value of |125x - 


125x 5 


Factorize (i) x 3 -y 3 -x+y 


(ii) 


Bx 3 - 


27/ 
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15. Find the products, using formulas. 

(i) (x 2 + y 2 ) (x 4 - x 2 y 2 + y 4 ) (ii) (x 3 -y 3 ) (x 6 + x 3 y 3 + y 6 ) 

(iii) (x - y) (x + y) (x 2 + y 2 ) (x 2 + xy + y 2 ) (x 2 - xy + y 2 ) (x 4 - x 2 y 2 + y 4 ) 

(iv) (2x 2 - 1) (2x 2 + 1) (4x 4 + 2x 2 + 1) (4x 4 - 2x 2 + 1) 

4.3 Surds and their Application 

4.3.1 Definition 

An irrational radical with rational radicand is called a surd. 

Hence the radical is a surd if 

(i) a is rational, (ii) the result is irrational. 

e.g., 73,7275,77,710 are surds. 

But 7^ and 72-7 i 7 are not surds because 7r and 2 + Vi7 
are not rational. 

Note that for the surd \[a , n is called surd index or the order of the 
surd and the rational number 'a' is called the radicand. 77 is third 

order surd. _ 

Every surd is an irrational number but every irrational number is 
not a surd, e.g., the surd Vs is an irrational but the irrational number 
7^ is not a surd. 

4.3.2 Operations on surds 

(a) Addition and Subtraction of Surds 

Similar surds (i.e., surds having same irrational factors) can be 
added or subtracted into a single term is explained in the following 
examples. 

Example 

Simplify by combining similar terms. 

(i) 473 - 3727 + 2775. (ii) 7128 - 7250 + 7432 
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Solution 

(i) 473 - 3727 + 2775 

= 473 - 379 x 3 + 2725 x 3 = 473 - 379 73 + 2725 x 73 
= 473-973 + 1 o73 = (4-9+ 10)73 = 573 

(ii) + ^432 

= 764x2-7125x2 + 7216x2 

= 7(4) 3 x 2 - 7(5) 3 x 2 + 7(6) 3 x 2 
= 7(4? 72 - 7(5? 72 + 7^? 72 

= 472-572 + 672 = (4-5+ 6)72 = 572 

(b) Multiplication and Division of Surds 

We can multiply and divide surds of the same order by making 
use of the following laws of surds 

and ^ = 

Tb V 

and the result obtained will be a surd of the same order. 

If surds to be multiplied or divided are not of the same order, they 
must be reduced to the surds of the same order. 

Example 

Simplify and express the answer in the simplest form. 


(i) Vl4 735 (ii) 


712 

73 72 


Solution 

(i) Vl4V35=Vl4x35=V7x2x7x5=7(7) 2 x2x5 

= 7(7) 2 x 10 = VC7? x TIo = 7VlO 

712 


(ii) We have 


7372 ' 


© 
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For V3^2 the L.C.M. of orders 2 and 3 is 6. 
Thus V3 = (3) 1/2 = (3f 6 = V? = 4^7 


and V2 = (2) 1/3 = (2) 2/6 = tJ(Zf = 44 

1 , yj\2 y[\2 yj\2 [\2 [T 

Hence-=-— — 6- = 6 — 

S4l V27>/4 Vl08 V108 v 9 

Its simplest form is 



EXERCISE 4.3 


1. Express each of the following surd in the simplest form. 


(i) 

V180 

(ii) 

3 V 162 

(iii) 

3 3 / - 

4^128 

(iv) 


2. Simplify 



(i) 

Vis 

(ii) 

V 21 v^ 

V3 V 2 

V&3 

(iii) 

V 243 *yv 5 

(iv) 

jVl25 

(v) 





3. Simplify by combining similar terms. 


(i) 

V45- 3V20-4V5 

(ii) 

4Vl2 + 5V27 - 3V?5 + V3 00 

(iii) 

V3 (2V3 + 3V3 ) 

(iv) 

2(6\/5 - 3y/5 ) 

-. Simplify 



(i) 

(3-V3)(3-V3) 

(ii) 

(Vs - V3) 2 

(iii) 

(\/5+V3)(V5-V3) 

(iv) 
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(v) (■six + V y )is[x - sjy )(x + j)(jc z + /) 

4.4 Rationalization of Surds 

(a) Definitions 

(i) A surd which contains a single term is called a monomial surd, 
e.g., V2,V3 etc. 

(ii) A surd which contains sum of two monomial surds or sum of a 
monomial surd and a rational number is called a binomial surd, 
e.g., V3 + V7 or V 2+5 or VlT — 8 etc. 

We can extend this to the definition of a trinomial surd. 

(iii) If the product of two surds is a rational number, then each surd 
is called the rationalizing factor of the other. 

(iv) The process of multiplying a given surd by its rationalizing 
factor to get a rational number as product is called rationalization 
of the given surd. 

(v) Two binomial surds of second order differing only in sign 
connecting their terms are called conjugate surds. Thus 

(4a + 4b) and (4a-4b) are conjugate surds of each other. 
The conjugate of x + 4y'Sx~4y- 
The product of the conjugate surds 4a+4b and 4a-4b, 

(4a + 4b)(4a - 4b) - (4a) 2 -(4b) 2 — a — b, 

is a rational quantity independent of any radical. 

Similarly, the product of a + b4m and its conjugate a-b4m has 
no radical. For example, 

(3 + 45)( 3 - 45) = (3) 2 - (45) 2 = 9 -5 = 4, which is a rational number. 

(b) Rationalizing a Denominator 

Keeping the above discussion in mind, we observe that, in 

order to rationalize a denominator of the form a+b4x (or a-b4x), 
we multiply both numerator and denominator by the conjugate factor 

a-b4x (o ra + b4x). By doing this we eliminate the 
radical and thus obtain a denominator free of any surd. 
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(c) Rationalizing Real Numbers of the Types 

1 1 


For the expressions 


a 


+ b\[x -J~x + Jy 


a + b\[x ’ \fx +^[y 
and their combinations, 


where x, y are natural numbers and a, b are integers, rationalization 
is explained with the help of following examples. 


Example 1 


Rationalize the denominator 


58 


7 -2^5 


Solution 

To rationalize the denominator, we multiply both the numerator 
and denominator by the conjugate (7 + 2^5) of (7-2^5), i.e., 


58 


58 


1 + 2^5 58(7 + 2^5) 


1-2^5 7 - 2V5 X 7 + 2V5 (7 ) 2 - (2>/5 ) 2 


58(7 + 2^5). 


49-20 

58(7 + 2 VJ) _ 2(7 + 2 ^/ 5 ) 
29 


; (radical is eliminated in the denominator) 


Example 2 


Rationalize the denominator 


V 5 +V 2 


Solution 

Multiply both the numerator and denominator by the conjugate 
-J 5 - V 2 of J 5 + V 2 , to get 

2 2 y/5 -\[2 2 V 5 -V 2 

_ — _ ^ _ — _ 

V5+V2 V5+V2 -J5 -\[2 5-2 

2(S-j2) 2(V5-V2) 



22 
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Solution 

First we shall rationalize the denominators and then simplify. 
We have 


6 ^6 4 

2V3-V6 + V3+a/2 V6-V2 

6 2%/3+>/6 ^ ^6 + ^2 

"2V3-V6 2^3+^ V^ + ^2 ^3-^2 \/6-V2 ^6 + ^2 

= 6(2^3 + -\/6) ^0(^3 - -V2) 4>/3( a/6 + a/2) 

(2\f3) 2 - (V6) 2 (-n/3) 2 - (a/2) 2 ( a/6) 2 - (V2) 2 

_ 6(2's/3 + V6) V3 “ -n/2) 4>/3(V6 + ^2) 

12-6 + 3-2 6-2 

12^/3 + 6\/6 4^3 ^6 + 4^3 -^2 

6 + 1 4 

= 2^5 + + 3-\/2 - 2>/3 - 3>/2 - ^6 = 0 


Example 4 


Find rational numbers xandy such that 4 + 3 ^ = x + yj5 


4-3^5 


Solution 

We have 


4 + 3^5 _ 4 + 3-\f5 4 + 3 a/5 _ (4 + 3a/5) 2 

4-3^5 ~4-3a/5 X 4+3V5 _ (4) 2 -(3V^) 2 

16 + 24*^5 + 45 _ 61 + 24^5 
16-45 “ -29 

=> V5 = * + >'y/5 (given) 
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Hence, an comparing the two sides, we get 


61 


24 


* 29’ y 29 


Example 5 

lfx = 3 + V8, then evaluate 


(i) x + — and (ii) x 2 +\ 


X 


X 


Solution 

Since x = 3+\[x > therefore, 


1 1 = 1 ^ 3 - Vs _ 3-V8 

* 3 + ^8 3+V» 3-V8 _ (3) 2 -(Vs) 2 

3-V8 


9-8 


3-^/8 


(i) x + ” — 3 + V® + 3 — V® = 6 

A 

(■') (x+i) = 36 


, „ 1 1 _ 
or xr + 2x X — + ~2 = 36 

X jf 


or 


^4 = 34 


EXERCISE 4.4 


1. Rationalize the denominator of the following. 


(i) 


4^ 


(ii) 


14 

^98 


(iii) 


\Zs\/27 


(v > vrvi (vii) fV 


(iv) 


(viii) 


3 + 2\/s 

Vs + V* 

Vs - Vi 



24 
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2. Find the conjugate of .v + V>'. 

(i) 3 + V? (ii) 4-V5 (iii) 2 + V 3 ( iv ) 2 + Vs 

(v) 5-V? ( vi ) 4-Vi5 (vii) 7 -Vs (viii) 9 + \ji 

3. (i) Ifx = 2-V^ : Find^ (ii) If x = 4- 'sfll . find - 


(iii) 

4. Simplify 
(i) 


If x - V3 + 2, find x + 

A 


1 +V 2 _ 1 -V 2 


(iii) 


Vs+Vs V5-V3 

2 1 


(ii) 


1 2 1 

+—F-F -■ 


2 + V 3 Vs-^ 2 -V 5 


V 5 -V 3 V3 + \S Vs + ^ 

5. (i) If x = 2-VV find the value of x-^and^x--^ 

(ii) If x = V^~V^ find the value of x + ^ I x 2 3 -iaiidx 3 + 3 

Vs - V 2 ' x X x 4 

[Hint: o 2 + 6 2 = (o + b) 2 - 2a6 and a 3 + b 3 = (a + b) 3 - 3ab{a + b)] 

6. Determine the rational numbers a and b if^r—-+-^=—-=a + £>V3 

V3 + 1 V3— 1 

REVIEW EXERCISE 4 

1. Multiple Choice Questions. Choose the correct answer. 


2. Fill in the blanks. 

(i) The degree of the polynomial x 2 / 2 + 3 xy + y 3 is 

(ii) x 2 - 4 =. 
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(iii) * 3 + p = (*+;f)c--.) 

(iv) 2 (a 2 + b 2 ) = (a + b) 2 + (.. 

m • :r-. 


(vi) 

Order of surd 

yx 

is. 



(vii) 

1 






3.If 

1 7 
x+- = 3 

X 

find 

(i) 

^ + 1 

V 

(ii) 

4 1 

r +-t 

X 

4.If 

<N 

II 

1 1 H 

1 

H 

find 

(i) 

j 1 

X+- 

jr 

(ii) 

< 1 

V 

5.Find the value of x 3 


and xy ifx 

+ y = 

5 andx-y = 3, 

6. If 

P = 2+\Ji 

find 






a 

(iii) / 


(ii) 


(iv) p 2 


7.If # = >/5 + 2, find 
J. 

3 


(i) q + 


(ii) q — 


1 


(iii) * V 
8 . Simplifying 

(i) 


(iv) 


"\/fl + 2 + yfci — 2 


Va 2 +2 - Va 2 -2 1 a+^a--x 2 



Expression in the form ^,(q(x)±0) is called rational expression." 
An irrational radical with rational radicand is called a surd. 

In n is called surd index or surd order and rational number x 
is called radicand. 

A surd which contains a single term is called monomial surd. 

A surd which contains sum or difference of two surds is called 
binomial surd. 

Conjugate surd of \s'jx +\ly' defined as 'fx-'Jy - 



SUMMARY 

• An algebraic expression is that in which constants or variables or 
both are combined by basic operations. 

• Polynomial means an expression with many terms. 

• Degree of polynomial means highest power of variable. 
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Take free online courses 
from the world's best 
universities 



Introduction to Algebra 

Solve equations, draw graphs, and play with 
quadratics in this interactive course! 



About this Course: 

We live in a world of numbers. You see them every day: 
on clocks, in the stock market, in sports, and all over the 
news. Algebra is all about figuring out the numbers you 
don't see. You might know how fast you can throw a ball, 
but can you use this number to determine how far you can 
throw it? You might keep track of stock prices, but how can 
you figure out how much money you've made (or lost) in 
the market? 
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